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HARDY SPACES MEET HARMONIC WEIGHTS
MARCIN PREISNER, ADAM SIKORA, AND LIXIN YAN
Abstract. We investigate the Hardy space H1L associated with a self-adjoint opera-
tor L defined in a general setting in [25]. We assume that there exists an L-harmonic
non-negative function h such that the semigroup exp(−tL), after applying the Doob
transform related to h, satisfies the upper and lower Gaussian estimates. Under this as-
sumption we describe an illuminating characterisation of the Hardy space H1L in terms
of a simple atomic decomposition associated with the L-harmonic function h. Our
approach also yields a natural characterisation of the BMO-type space corresponding
to the operator L and dual to H1L in the same circumstances.
The applications include surprisingly wide range of operators, such as: Laplace
operators with Dirichlet boundary conditions on some domains in Rn, Schrödinger
operators with certain potentials, and Bessel operators.
1. Introduction and statement of main results
1.1. Background. The classical notion of Hardy spaces is a mainstream masterpiece
in the core of harmonic analysis, see for example [19,39,40]. There are several equivalent
definitions of the real variable Hardy spaceH1(Rn). For example, H1(Rn) can be defined
in terms of the maximal function associated with the heat semigroup generated by the
Laplace operator ∆ on Rn. Recall that a locally integrable function f on Rn is said to
be in H1(Rn) if
M∆f(x) = sup
t>0
∣∣et∆f(x)∣∣(1.1)
belongs to L1(Rn). If this is the case, then we set
‖f‖H1(Rn) = ‖M∆f‖L1(Rn).
The definition above suggests defining Hardy spaces corresponding to a general self-
adjoint operator L by simply replacing the standard heat propagator by the semigroup
exp(−tL) in (1.1). Alternatively one can define H1L using the square function approach.
The theory of Hardy spaces associated with operators has attracted a lot of attention
in last decades and has been a very active research topic in harmonic analysis – see for
example [1–3, 6, 10, 17, 25–27, 37, 44] and the references therein. Very systematic and
general theory of such Hardy spaces was described in [25]. In a more specific situation,
such as some classes of Schrödinger operators, the Hardy spaces H1L were studied also
by Dzibański and Zienkiewicz, see for example [14, 16, 17].
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In our study we investigate H1L in the case, when there exists an L-harmonic non-
negative function h such that the semigroup exp(−tL), after applying the Doob trans-
form related to h, satisfies the upper and lower Gaussian estimates. In this situation we
are able to obtain a natural characterisation of H1L in terms of atomic decompositions
in which atoms satisfy the cancellation associated with the harmonic function h.
Recall that one of the most fundamental aspect of the theory of Hardy spaces is
the atomic decomposition theorem obtained by Coifman and Latter, see [7] for n = 1
and [31] for n ≥ 2. It is known that f ∈ H1(Rn) if and only if
f(x) =
∞∑
k=1
λkak(x),
where
∑
k |λk| <∞ and ak are classical atoms, i.e. there exist balls Bk such that
supp ak ⊆ Bk, ‖ak‖∞ ≤ |Bk|−1,
ˆ
Bk
ak(x) dx = 0.(1.2)
Moreover, we can choose λk’s such that
C−1 ‖f‖H1(Rn) ≤
∞∑
k=1
|λk| ≤ C ‖f‖H1(Rn) .
The atomic description of Hardy spaces is particularly useful and it is the primary
point of interest of this paper. Our main observation in this study states that under
our assumption involving the Doob transform such characterisation remains valid with
the cancellation part of condition (1.2) replaced by the relation
(1.3)
ˆ
Bk
ak(x)h(x) dx = 0.
Another fundamental aspect of classical theory of Hardy spaces is the duality of
H1(Rn) and the space of functions of bounded mean oscillation, BMO(Rn), see [20].
For Hardy and BMO spaces associated with operators such duality was investigated
and established in [10]. In the setting which we consider our approach allows us to
describe a natural interpretation of such duality.
Recall that in the classical theory the BMO(Rn) space is defined by the norm
‖f‖BMO = sup
B
|B|−1
ˆ
B
|f(x)− fB| dx,
where fB = |B|−1
´
B
f(x) dx and the supremum is taken over all balls in Rn. The
elements BMO(Rn) space are defined up to a constant function. It appears that (in a
proper sense) BMO(Rn) is the dual of H1(Rn). The new cancellation condition (1.3)
suggests that if h is the L harmonic function then the BMO norm associated to L
should be defined based on the following expression
sup
B
inf
c
(
µh(B)
−1
ˆ
B
|g(x)− c h(x)|2 h(x)dµ(x)
)1/2
<∞.
Theorem B stated below confirms that the above definition gives a coherent description
of the duality between Hardy and BMO spaces associated to the operator L in the
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considered setting. Note that if h is a constant function then in virtue of the John-
Nirenberg Inequality the above integral defines the norm equivalent with the classical
BMO definition.
The aim of this paper is to study Hardy spaces and their duals for self-adjoint oper-
ators defined on spaces of homogeneous type. In particular, we shall study operators
related to some harmonic functions in the sense that the heat semigroup kernel, after the
Doob transform, satisfies lower and upper Gaussian estimates. Our assumption involv-
ing the Doob transform are specific and the resulting theory is not as general as in [25],
but it still includes a several interesting applications. For example Laplace operators
with the Dirichlet boundary conditions which were considered by by Auscher, Russ,
Chang, Krantz and Stein in [3,6] can be investigated using the proposed framework, see
Subsection 6.1 below. Examples also include Schrödinger operators with certain poten-
tials, and Bessel operators. Our result gives a natural and explicit atomic description of
Hardy spaces with atoms strictly related to the L-harmonic function h. Let us mention
that in several examples it is possible that there exist two or more different bounded
harmonic functions. See for example [5]. We hope it is possible to obtain similar de-
scription of the corresponding Hardy and BMO spaces in the case of several harmonic
functions but we intend to investigate a such possibility in a different project.
Our characterization (see Theorems A and B below) is different to the ones studied
before, even for well-known classical operators, see e.g. [3, 6, 15]. In these papers, the
atoms that describe Hardy spaces can be divided into two classes: some of them are
similar to classical atoms, and some of them do not satisfy cancellation condition (one
can think that a function |B|−1χB(x) is an atom for a proper choice of a ball B, c.f. [22]).
Our result gives more homogeneous (and maybe even more natural) description - all the
atoms satisfy cancellation condition, but with respect to the harmonic function h(x).
Nevertheless the both descriptions are equivalent, see Section 7 below. A secondary
goal of our study is to give a list of examples that satisfy assumptions of Theorems A
and B, see Section 6. However, we believe that there are many more operators that fit
to our context.
1.2. Assumptions and main results. Let (X, d, µ) be a metric measure space en-
dowed with a distance d and a nonnegative Borel doubling measure µ on X, c.f. [8, 9].
Recall that a measure µ satisfies the doubling condition provided that there exists
a constant C > 0 such that for all x ∈ X and for all r > 0,
µ(B(x, 2r)) ≤ Cµ(B(x, r)).
Note that the doubling property implies the following strong homogeneity property,
(1.4) µ(B(x, λr)) ≤ Cλnµ(B(x, r))
for some C, n > 0 uniformly for all λ ≥ 1, r > 0, and x ∈ X. In Euclidean space with
the Lebesgue measure, the parameter n corresponds to the dimension of the space, but
in our more abstract setting, the optimal n need not even to be an integer.
Throughout the paper we assume that µ(X) = ∞. We shall consider operators L,
that are always assumed to be self-adjoint, non-negative, and defined on a domain
Dom(L) ⊆ L2(µ). Moreover, we assume that the semigroup Tt = exp(−tL) generated
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by L has a nonnegative integral kernel
Ttf(x) =
ˆ
X
Tt(x, y)f(y) dµ(y)
that satisfies the pointwise upper Gaussian estimates, i.e. there exist c, C > 0, such
that
(UG) 0 ≤ Tt(x, y) ≤ Cµ(B(x,
√
t))−1 exp
(
−d(x, y)
2
ct
)
, x, y ∈ X, t > 0.
There are several equivalent definitions of Hardy spaces H1L(X) associated with L (see
Section 2.1 below). The simplest and most direct is in terms of the maximal operator
associated with the heat semigroup generated by L, namely
MLf(x) = sup
t>0
∣∣e−tLf(x)∣∣(1.5)
with x ∈ X, f ∈ L2(µ). Then we define the space H1L(X) as the completion of the set
{f ∈ L2(µ) : ‖MLf‖L1(µ) <∞} with respect to L1-norm of the maximal function,
‖f‖H1
L
(X) = ‖MLf‖L1(µ).
1.2.1. Motivation: an atomic decomposition result. Let us now recall some results from
[12]. Assume that we have a space (X, d, ν) and an operator L related to a semigroup
Tt = exp(−tL). Notice, that we have changed the notation: (X, d, µ), L, Tt is replaced
by (X, d, ν), L, Tt (in what follows, the latter will be used for the operators after applying
the Doob transform). Following [12], suppose that the semigroup kernel Tt(x, y) satisfies
lower and upper Gaussian estimates, i.e. there exist c1, c2, C > 0 such that
(ULG)
C−1ν(B(x,
√
t))−1 exp
(
−d(x, y)
2
c1t
)
≤ Tt(x, y) ≤ Cν(B(x,
√
t))−1 exp
(
−d(x, y)
2
c2t
)
for x, y ∈ X and t > 0.
Proposition 1.1. [12, Prop. 3] Assume that a semigroup Tt satisfies (ULG). Then
there exists a function ϕ such that
(1.6) 0 < c ≤ ϕ(x) ≤ C
and ϕ is L-harmonic in the sense that for all t > 0,
(1.7) Ttϕ(x) = ϕ(x), a.e. x ∈ X.
For details we refer the reader to [12, Sec. 2]. By Liouville’s theorem, the constant
functions are the only bounded harmonic functions when L is the the Laplace operator
∆ on Rn. Following [12], we call a function a an (ν, ϕ)-atom if there exists a ball B
such that:
(1.8) supp a ⊆ B, ‖a‖∞ ≤ ν(B)−1,
ˆ
a(x)ϕ(x)dν(x) = 0.
The atomic Hardy space H1at(ν, ϕ) is defined then in a standard way using (ν, ϕ)-atoms.
It is shown in [12, Th. 1] that if L satisfies (ULG) and an additional geometric continuity
assumption (see [12, Thm. 1]), then for ω from Proposition 1.1 we have
‖f‖H1L(X) ≃ ‖f‖H1at(ν, ϕ) .(1.9)
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Obviously, the assumption (ULG) is quite restrictive. However, there is a more general
version (ULGh) that includes a harmonic function h(x), which can have bounded values
but not separated from zero, or can be even unbounded. Such harmonic functions appear
e.g. when studying the Dirichlet Laplacian on a domain above the graph of a bounded
C1,1 function on Rn or the exterior of a C1,1 compact convex domain in Rn. Moreover,
the same story appears when studying some Schrödinger operators (e.g. −∆ + γ|x|−2
on Rn, n ≥ 3, with γ > 0), or for some Bessel operator defined on a weighted half-line.
We shall discuss the details in Section 6.
1.2.2. Main results. The following assumptions are motivated by the notion of the Doob
transform (or h-transform), see e.g. [23, 24]. Assume that there exists a function h :
X → (0,∞) such that:
(H1) : h is L-harmonic in the sense that for all t > 0
Tth(x) = h(x), a.e. x ∈ X.
(H2) : The metric-measure space (X, d, µh2) is doubling, where µh2 is the measure
with the density h2(x)dµ(x).
(H3) : There exist c1, c2, C > 0 such that for x, y ∈ X and t > 0 we have
(ULGh)
C−1
µh2(B(x,
√
t))
exp
(
−d(x, y)
2
c1t
)
≤ Tt(x, y)
h(x)h(y)
≤ C
µh2(B(x,
√
t))
exp
(
−d(x, y)
2
c2t
)
.
Let us notice that (H2) and (H3) imply that the action of Tt on h is well defined,
even if h is unbounded. Moreover, Proposition 2.3 below says that, in some sense, the
assumption (H1) is always true after some mild change of function h. However, we
decided to state (H1) as an assumption to emphasize the relation of L-harmonicity of
h with the estimates (ULGh).
Now we define our atomic Hardy space that will be used to describe H1L(X).
Definition 1.2. We call a function a an [µ, h]-atom if there exists a ball B such that:
◦ supp a ⊆ B,(1.10)
◦ ‖a‖L2(h−1µ) ≤ µh(B)−1/2,(1.11)
◦
ˆ
a(x)h(x)dµ(x) = 0.(1.12)
Then, by definition, a function f belongs to the atomic Hardy space H1at[µ, h] if f(x) =∑
k λkak(x), where ak(x) are [µ, h]-atoms and
∑
k |λk| <∞. Moreover, define
‖f‖H1at[µ,h] = inf
∑
k
|λk|,
where the infimum is taken over all representations of f as above.
Observe that by (1.10)–(1.11) every [µ, h]−atom a satisfies the estimate
‖a‖L1(µ) ≤ ‖a‖L2(h−1µ) µh(B)1/2 ≤ 1,
so the series f(x) =
∑
k λkak(x) above converge in L
1(µ)-norm and a.e. By a standard
argument, H1at[µ, h] is a Banach space.
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The main goal of this paper is to provide a natural and simple atomic descriptions of
H1L(X) (in the spirit of (1.8)–(1.9)). Recall that Ap(µ) is the Muckenhoupt class, see
(3.1) below. Our result can be stated in a following way.
Theorem A. Suppose that an operator L, its semigroup Tt = exp(−tL), and a function
h(x) satisfy the assumptions (H1)–(H3). There exists p0 ∈ (1, 2] such that if h−1 ∈
Ap0(µh2), then the spaces H
1
L(X) and H
1
at[µ, h] coincide and
‖f‖H1
L
(X) ≃ ‖f‖H1at[µ,h] .
We would like to emphasize that in Theorem A the semigroup Tt does not need to
satisfy (ULG). Hence (1.6) is not necessarily valid so it can happen that for the harmonic
function h(x) it can happen that inf h(x) = 0 or sup h(x) =∞ (this is the case in many
interesting examples). Therefore Theorem A can be seen as a generalization of (1.9)
from [12]. However, there is a small cost here, namely we change L∞-type condition on
size of atoms into weighted L2-type condition.
Also, note that in [12, Thm. 1] the result requires the following geometric assumption:
for every x ∈ X the function r 7→ ν(B(x, r)) is a bijection on (0,∞). Our approach
does not need this condition.
Our proof of Theorem A uses strongly the Doob transform, see Subsection 2.2. More
precisely, we can introduce a new semigroup Tt = exp(−tL) by (2.5) which acts on
(X, d, ν), dν(x) = h2(x)dµ(x) and satisfies (ULG) on this changed metric-measure space.
Moreover,
H1L(X) ∋ f 7→ h−1f ∈ H1L,h−1(X)
is an isometry between H1L(X) (related to the measure µ) and a weighted Hardy space
H1L,h−1(X) (related to the measure ν). Therefore, we shall study weighted Hardy spaces
for operators L satisfying (ULG) in Section 3 below. The proof of (1.9) in [12] uses
different methods to the ones used here. In [12] the key step is to use a theorem of
Uchiyama [43], which relies on the analysis of grand maximal function. Our approach
is based on atomic decompositions for weighted tent spaces, see [32, 34, 35].
The second goal of this paper is to study the space of functions of bounded mean
oscillation, the dual of H1at[µ, h]. By definition, a function g is in BMO[µ, h] if
‖g‖BMO[µ,h] := sup
B
inf
c
(
µh(B)
−1
ˆ
B
|g(x)− c h(x)|2 h(x)dµ(x)
)1/2
<∞.
In a standard way, elements of BMO[µ, h] are classes {g(x) + c h(x) : c ∈ C}. A nat-
ural analogue of the Fefferman-Stein duality result [19] is the following:
Theorem B. Suppose that an operator L, its semigroup Tt = exp(−tL), and a function
h(x) satisfy the assumptions (H1)–(H3). There exists p0 ∈ (1, 2] such that if h−1 ∈
Ap0(µh2), then BMO[µ, h] is the dual to the Hardy space H
1
at[µ, h].
The proof of Theorem B and further details are discussed in Section 5. The outline
of the remainder of the paper is as follows. In Section 2 we recall some known facts on:
Hardy spaces, the Doob transform, Gaussian estimates, and prove some preliminary
results. In Section 3 we study the weighted Hardy spaces and the corresponding atomic
decompositions. In Sections 4 and 5 we prove our main results, Theorems A and B,
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respectively. In Section 6 we provide several examples of operators that satisfy our
assumptions.
2. Preliminaries.
We now set notation and some common concepts that will be used throughout the
course of the proof. (X, d, µ) is a metric measure space endowed with a distance d and a
nonnegative Borel doubling measure µ on X. The operator L is related to the semigroup
Tt on the space (X, d, µ), whereas L is related to Tt on (X, d, ν). The difference is that
we always assume that L satisfies (ULG), whereas L satisfies more general condition
(ULGh). As a consequence ϕ(x) is the harmonic function for L that is bounded from
above and from below, see Proposition 1.1. However, the harmonic function h(x) related
to L is in general unbounded (either from above or from below). Finally, the letters c, C
are positive constants that may change from line to line. The notation A ≃ B means
that C−1A ≤ B ≤ CA.
2.1. Hardy spaces H1L(X). Let us start with giving a few definitions of the Hardy
space H1L(X) adapted to an operator L. At the end all these definitions are the
same Hardy space that we shall denote H1L(X). In Subsection 1.1 we already defined
H1L(X) = H
1
L,max(X) by means of the maximal function. Let us also recall the following
Lusin (area) function SLf and Littlewood-Paley function GLf associated to the heat
semigroup generated by L
(2.1) SLf(x) :=
(¨
d(x,y)<t
|t2Le−t2Lf(y)|2 dµ(y)
µ(B(x, t))
dt
t
)1/2
, x ∈ X,
and
(2.2) GLf(x) :=
(ˆ ∞
0
|t2Le−t2Lf(x)|2dt
t
)1/2
, x ∈ X.
We define the Hardy space H1L,S(X) as the completion of {f ∈ L2(X) : ‖SLf‖L1(X) <
∞} with respect to L1-norm of the Lusin (area) function, i.e.
‖f‖H1
L,S
(X) = ‖SLf‖L1(X).
The space H1L,G(X) is defined analogously. Now, we shall discus another approach
to atomic decomposition of H1L(X), which work in a more general context, but gives
different (and in some sense more complicated) atoms. At this moment it is enough to
make only assumptions from Subsection 1.1. Following [25] let us define an L-atom a as
follows. Assume that there exists a ball B = B(y0, r) ⊆ X and a function b ∈ Dom(L)
such that for k = 0, 1 we have:
a = Lb, suppLkb ⊆ B, ∥∥(r2L)kb∥∥
L2(µ)
≤ r2µ(B)−1/2.(2.3)
Using L-atoms, one defines an atomic Hardy space H1L,at(X) as in [25, Def. 2.2]. In [25,
Theorem 7.1] Hofmann et. al. proved that
(2.4) ‖f‖H1
L,S
(X) ≃ ‖f‖H1
L,at(X)
≤ C ‖f‖H1
L
(X) .
Later, in [37, Th. 1.3], a complementary estimate was proved, namely
‖f‖H1
L
(X) ≤ C ‖f‖H1
L,at(X)
.
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Moreover, results from [28] imply that
‖f‖H1
L,S
(X) ≃ ‖f‖H1
L,G
(X) .
Therefore, all the definitions above lead to the same Hardy space that we shall denote
H1L(X) := H
1
L,max(X) = H
1
L,S(X) = H
1
L,G(X) = H
1
L,at(X).
Let us also mention that H1L(X) has also equivalent norms in terms of non-tangential
maximal function and analogues with Poisson semigroup, see [25, 36, 37].
Remark 2.1. From [25, Lemma 9.1] it follows that if the semigroup Tt = exp(−tL)
related to an operator L is conservative, i.e.,ˆ
X
Tt(x, y)dµ(y) = 1, t > 0, x ∈ X,
then for every L-atom a we have
´
X
a(x)dµ(x) = 0.
2.2. Doob transform. In this section we describe one of the most important tools for
this paper, i.e. the Doob transform (or h-transform), see e.g. [23, 24]. Assume that
an operator L related to a metric measure space (X, d, µ) and a function h(x) satisfy
(H1)–(H3). Notice that here we do not assume that h is bounded neither from above
nor from below. See Section 6 for examples.
On (X, d) define a new measure dν(x) = h2(x)dµ(x) and a new kernel
(2.5) Tt(x, y) = Tt(x, y)
h(x)h(y)
.
By (H2) the space (X, d, ν) satisfies the doubling condition. The inequalities from (H3)
for Tt are equivalent to (ULG) for Tt. The Doob transform is a simple multiplication
operator
f 7→ h−1f.
Observe that
‖f‖L2(µ) =
∥∥h−1f∥∥
L2(ν)
so the Doob transform is an isometry between these two L2 spaces. Moreover, a simple
calculations shows that Tt is a semigroup and its generator L is also self-adjoint (as an
image of L under isometry). However, the Doob transform is not an isometry between
L1 spaces but we still have ‖f‖L1(µ) = ‖h−1f‖L1
h−1
(ν) .
Recall now thatH1L(X) corresponds to the measure µ, whereasH
1
L(X) is defined withe
respect to ν = µh2. A crucial observation in this paper is the following proposition,
where H1L,G,h−1(X) and H
1
L,max,h−1(X) are weighted Hardy spaces that we define in
Section 3 below.
Proposition 2.2. Let f ∈ L1(µ). Then
‖f‖H1
L,G
(X) = ‖f‖H1
L,G,h−1
(X) ,
‖f‖H1
L,max
(X) = ‖f‖H1
L,max,h−1
(X) .
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Proof. It is enough to notice that
ˆ
X
(ˆ ∞
0
∣∣t2LTtf(x)∣∣2)1/2 dµ(x) = ˆ
X
(ˆ ∞
0
∣∣t2LTt (h−1f) (x)∣∣2)1/2 dν(x)
h(x)
and ˆ
X
sup
t>0
∣∣∣∣ˆ
X
Tt(x, y)f(y)dµ(y)
∣∣∣∣dµ(x) = ˆ
X
sup
t>0
∣∣∣∣ˆ
X
Tt(x, y)f(y)
h(y)
dν(y)
∣∣∣∣ dν(x)h(x) .

The next statement essentially says that, for the purpose of our discussion here,
assumption (H1) is automatically fulfilled provided that assumptions (H2) and (H3) are
valid.
Proposition 2.3. Assume that for a semigroup Tt there exists a function h˜ such that
(H2) and (H3) are satisfied. Then, there exist C > 0 and a function ϕ : X → R such
that C−1 ≤ ϕ(x) ≤ C and for all t > 0 we have
Tt(ϕh˜)(x) = ϕh˜(x), a.e. x ∈ X.
Proof. Assume that h˜ is such that (H2) and (H3) hold. Then, after the Doob trans-
form the semigroup Tt satisfies (ULG) and we obtain ϕ satisfying (1.6) and (1.7), see
Subsection 1.2.1. In particular, for t > 0,
Tt(ϕh˜)(x) = h˜(x)Ttϕ(x) = h˜(x)ϕ(x).
Thus, h = h˜ϕ is L-harmonic and still satisfies (H2)–(H3). 
2.3. Semigroups with two-sided Gaussian bounds. In this subsection we assume
that Tt(x, y) is a semigroup that satisfy (ULG) on the space (X, d, ν). Then, there
exists a function ϕ(x), such that (1.6) and (1.7) are satisfied, see [12, Sec. 2]. It is well
known that (ULG) implies certain Hölder regularity in the space variable for Tt(x, y).
For a simple proof see [12, Sec. 4].
Proposition 2.4. [12, Cor. 14] Assume that the semigroup kernel Tt(x, y) satisfies
(ULG) and ϕ is the related L-harmonic function. There exists C, c, δ > 0 such that
(2.6)
∣∣∣∣ Tt(x, y)ϕ(x)ϕ(y) − Tt(x, y0)ϕ(x)ϕ(y0)
∣∣∣∣ ≤ C (d(y, y0)√t
)δ
ν(B(x,
√
t))−1 exp
(
−d(x, y)
2
ct
)
whenever d(y, y0) <
√
t.
Let us remark that ϕ(x) ≃ C, so we could skip ϕ(x) in (2.6). However, we need to di-
vide by ϕ(y) and ϕ(y0) to get Hölder-type inequality. Let us notice that Proposition 2.4
implies the following corollary.
Corollary 2.5. If Tt(x, y) satisfies (ULG), then ϕ is (up to a constant) unique bounded
harmonic function.
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Proof. Let ϕ˜ be such that Ttϕ˜(x) = ϕ˜(x) and |ϕ˜(x)| ≤ C. From (2.6) for
√
t > d(y1, y2)
we have∣∣∣∣ ϕ˜(y1)ϕ(y1) − ϕ˜(y2)ϕ(y2)
∣∣∣∣ = ∣∣∣∣Ttϕ˜(y1)ϕ(y1) − Ttϕ˜(y2)ϕ(y2)
∣∣∣∣
≤
ˆ
X
∣∣∣∣Tt(y1, x)ϕ(y1) − Tt(y2, x)ϕ(y2)
∣∣∣∣ ϕ˜(x) dν(x)
≤ C ‖ϕ˜‖∞
(
d(y, y0)√
t
)δ ˆ
X
ν(B(x,
√
t))−1 exp
(
−d(x, y)
2
ct
)
dν(x)
≤ C ‖ϕ˜‖∞
(
d(y, y0)√
t
)δ
.
Taking t→∞ we arrive at ϕ˜/ϕ ≡ C. This completes the proof of Corollary 2.5. 
Let us state another consequence of Proposition 2.4 that we shall use in Section 3.
Proposition 2.6. Assume that Tt(x, y) and δ, c > 0 are as in Proposition 2.4 and that
Kt(x, y) is the kernel of the operator tL exp(−tL). For d(y, y0) <
√
t we have
(2.7)
∣∣∣∣ Kt(x, y)ϕ(x)ϕ(y) − Kt(x, y0)ϕ(x)ϕ(y0)
∣∣∣∣ ≤ C (d(y, y0)√t
)δ
ν(B(x,
√
t))−1 exp
(
−d(x, y)
2
2ct
)
Proof. By the self-improvement property of Gaussian estimates we have that
(2.8) |Kt(x, z)| ≤ Cν(B(x,
√
t))−1 exp
(
−d(x, z)
2
ct
)
,
see e.g. [25]. Observe that
Kt(x, y) = 2
ˆ
X
Kt/2(x, z)Tt/2(z, y) dν(z).
Next, by (2.6),∣∣∣∣ Kt(x, y)ϕ(x)ϕ(y) − Kt(x, y0)ϕ(x)ϕ(y0)
∣∣∣∣
≤ C
ˆ
X
∣∣Kt/2(x, z)∣∣ ∣∣∣∣Tt/2(z, y)ϕ(y) − Tt/2(z, y0)ϕ(y0)
∣∣∣∣ dν(z)
≤ C
(
d(y, y0)√
t
)δ
ν(B(x,
√
t))−1
ˆ
X
ν(B(z,
√
t))−1 exp
(
−d(x, z)
2 + d(z, y)2
ct
)
dν(z)
≤ C
(
d(y, y0)√
t
)δ
ν(B(x,
√
t))−1 exp
(
−d(x, y)
2
2ct
) ˆ
X
ν(B(z,
√
t))−1e−
d(z,y)2
2ct dν(z)
≤ C
(
d(y, y0)√
t
)δ
ν(B(x,
√
t))−1 exp
(
−d(x, y)
2
2ct
)
.
The proof of Proposition 2.6 is complete. 
3. Weighted Hardy spaces
The theory of weighted Hardy spaces in Rn was studied in [21, 42]. In the more
general context of spaces of homogeneous type the reader is referred to [28,32,36,37,44]
and references therein.
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3.1. Muckenhoupt weights. Recall that a non-negative function w defined on X is
called a weight if it is locally integrable. We denote by µw(A) =
´
A
w(x)dµ(x) the
weighted measure, and by ‖f‖Lpw(µ) = (
´
X
|f(x)|pw(x) dµ(x))1/p the weighted Lp-norm.
We say that w is in the Muckenhoupt class Ap(µ), p > 1, if there is a constant C such
that (
1
µ(B)
ˆ
B
w(x)dµ(x)
)(
1
µ(B)
ˆ
B
w(x)−1/(p−1)(x)dµ(x)
)p−1
≤ C(3.1)
holds for every ball B ⊂ X. The class A1 is defined replacing (3.1) by
‖w−1χB‖∞
(
1
µ(B)
ˆ
B
w(x)dµ(x)
)
≤ C,
where χB is the characterization function of the ball B. The class A∞(µ) is defined
as the union of the Ap(µ) classes for 1 ≤ p < ∞, i.e., A∞(µ) =
⋃
p≥1Ap(µ). We shall
use the following standard properties of Ap(µ) weights. For details we refer the reader
to [21, 39, 42].
Lemma 3.1. (i) If p > 1 and w ∈ Ap(µ), then there exists ε > 0 such that w ∈ Ap−ε(µ).
(ii) Assume that p ≥ 1, w ∈ Ap(µ), and B is a ball. There exists C > 0 such that for
measurable sets E ⊆ B we have (
µ(E)
µ(B)
)p
≤ Cµw(E)
µw(B)
.
3.2. Weighted Hardy spaces. In this section the weight w belongs to A∞(µ) and
L, Tt are as in Subsection 1.1. Recall that the maximal function MLf is given by
(1.5), and the Lusin (area) function SLf and Littlewood-Paley function GLf are given
by (2.1) and (2.2), respectively. We define H1L,max,w(X) as the completion of the set
{f ∈ L2(µ) : MLf ∈ L1w(µ)}, with respect to the norm
‖f‖H1
L,max,w
(X) = ‖MLf‖L1w(µ);
the spaces H1L,S,w(X) and H
1
L,G,w(X) are defined analogously.
There are several results on the weighted Hardy space H1L,w(X). In [28, Theorem 1.2]
it is proved that for w ∈ A∞(µ),
H1L,S,w(X) = H
1
L,G,w(X).(3.2)
In [32, 35] the authors proved a weighted version of (2.4). Suppose that M ∈ N and
w ∈ Ap, 1 < p ≤ 2, we say that a function a ∈ L2(X) is called (L,M,w)-atom if there
exists a ball B = B(y0, r) in X and a function b such that: b ∈ Dom(LM) and for
k = 0, 1, · · · ,M we have:
a = LMb, suppLkb ⊆ B, ∥∥(r2L)kb∥∥
L2w(µ)
≤ r2Mµw(B)−1/2,
c.f. (2.3) for non-weighted L-atoms.
Definition 3.2. Suppose that M ∈ N and w ∈ Ap, 1 < p ≤ 2. A function f belongs
to H1L,at,M,w(X) if f(x) =
∑
k λkak(x), where ak(x) are (L,M,w)-atoms,
∑
k |λk| < ∞
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and the series converges in L2(µ). Define
‖f‖H1
L,at,M,w
(X) = inf
∑
k
|λk|,
where f ∈ H1L,at,M,w(X) and f is decomposed as above. Then H1L,at,M,w(X) is defined as
a completion of H1L,at,M,w(X) in the norm ‖·‖H1
L,at,M,w
(X).
The following result was proved in [32] in the case X = Rn and in [35] when X is
a space of homogeneous type.
Theorem 3.3. Assume that (X, d, µ) is a doubling metric-measure space and Tt =
exp(−tL) is a semigroup satisfying (UG). Assume that w ∈ Ap, 1 < p ≤ 2 and M ∈
N,M > (p− 1)n/2. Then
‖f‖H1
L,S,w
(X) ≃ ‖f‖H1
L,at,M,w
(X) .
Consequently, one may write H1L,at,w(X) in place of H
1
L,at,M,w(X) when w ∈ Ap, 1 <
p ≤ 2 and M > (p− 1)n/2 as these spaces are all equivalent. Having in mind (3.2) and
Theorem 3.3 we write
H1L,w(X) := H
1
L,S,w(X) = H
1
L,G,w(X) = H
1
L,at,w(X) := H
1
L,at,M,w(X)
for M > (p− 1)n/2.
Next, for an operator L related to a metric measure space (X, d, µ) and a function
h(x) satisfy (H1)–(H3), and we consider the semigroup Tt corresponding to the measure
dν(x) = h2(x)dµ(x), as in Subsection 2.2. By (H2) the space (X, d, ν) satisfies the dou-
bling condition. The inequalities (ULGh) for Tt are equivalent to (ULG) for Tt. Recall
that, Tt is a semigroup and its generator L is also self-adjoint, see Section 2.2. As in the
above notation corresponding to the operator L the spaces H1L,S,w(X), H
1
L,G,w(X), and
H1L,at,w(X) related to L are defined analogously and all these weighted Hardy spaces
coincide, i.e.
H1L,w(X) = H
1
L,S,w(X) = H
1
L,G,w(X) = H
1
L,at,w(X) := H
1
L,at,M,w(X)
when w ∈ Ap, 1 < p ≤ 2 and M ∈ N,M > (p− 1)n/2.
3.3. Alternative atomic characterization with cancellation condition. We shall
prove atomic decompositions for H1L,w(X) with natural and simple atoms related to ν,
w, and L-harmonic function ϕ. Recall that the existence of ϕ satisfying (1.6) follows
from (ULG), see [12, Sec. 2].
Definition 3.4. We call a function a an [ν, ϕ, w]-atom if there exists a ball B such that:
◦ supp a ⊆ B,
◦ ‖a‖L2w(ν) ≤ νw(B)−1/2,
◦
ˆ
B
a(x)ϕ(x)dν(x) = 0.
Then, by definition, a function f belongs to the atomic Hardy space H1at[ν, ϕ, w] if f(x) =∑
k λkak(x), where ak(x) are [ν, ϕ, w]-atoms and
∑
k |λk| < ∞. Moreover, for such
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representations the expression
‖f‖H1at[ν,ϕ,w] = inf
∑
k
|λk|
defines a norm.
Observe that in Definition 3.4 the atoms satisfy ‖a‖L1w(ν) ≤ 1, so the series
∑
k λkak(x)
converges in L1w(ν)-norm and a.e. . Moreover, the space H
1
at[ν, ϕ, w] is a Banach space.
The main result of this section is the following theorem. It states atomic characteriza-
tion of the Hardy space H1L,w(X). Later, we shall deduce Theorem A from Theorem 3.5
by using Doob’s transform.
Theorem 3.5. Assume that L satisfy (ULG) and ϕ is the associated bounded L-
harmonic function, see (1.6) and (1.7). There exists p0 ∈ (1, 2], such that if w is
a weight in Ap0(ν), then
H1L,w(X) = H
1
at[ν, ϕ, w].
Proof. Let ϕ be the harmonic function for L, C−1 ≤ ϕ(x) ≤ C, see Subsection 2.3.
Proof of H1L,w(X) ⊆ H1at[ν, ϕ, w]. Assume that f ∈ H1L,w(X) = H1L,at,w(X), see
Subsection 3.2. Moreover, assume that f is in a dense subspace HL,at,M,w(X) with
M > (p0 − 1)n/2, so that we have λk and (L,M,w)-atoms ak(x) as in Definition 3.2
such that f(x) =
∑
k λkak(x) (convergence in L
2(ν) and in L1w(ν) and a.e.) and
‖f‖H1L,w(X) ≃
∑
k
|λk|.
Observe that (L,M,w)-atoms satisfy localization and size condition of Definition 3.4,
so to prove that ak(x) are [ν, ϕ, w]-atoms we only need to show that
(3.3)
ˆ
B
a(x)ϕ(x) dν(x) = 0
for a = ak. This will be enough since then ‖f‖H1at[ν,ϕ,w] ≤ C ‖f‖H1L,w(X) on a dense
subset of H1L,w(X).
To prove (3.3), we follow the argument similar to [25, Lem. 9.1]. Recall that ϕ is
bounded and Tt are uniformly bounded on Lp(ν), 1 ≤ p ≤ ∞. By the functional calculus
we have
(I + L)−1 =
ˆ ∞
0
e−tTtdt
and, by (1.7),
(3.4) (I + L)−1ϕ(x) = ϕ(x), for a.e. x.
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Using (3.4) twice,
ˆ
B
a(x)ϕ(x) dν(x) =
ˆ
B
a(x)(I + L)−1ϕ(x) dν(x)
=
ˆ
B
(I + L)−1Lb(x)ϕ(x) dν(x)
=
ˆ
B
(I + L)−1(I + L)b(x)ϕ(x) dν(x)−
ˆ
B
(I + L)−1b(x)ϕ(x) dν(x)
=
ˆ
B
b(x)ϕ(x) dν(x)−
ˆ
B
b(x)(I + L)−1ϕ(x) dν(x)
= 0.
Let us notice that in the calculations above, we use that a and b have compact supports,
ϕ is bounded, Tt has the upper Gaussian estimates, and
(3.5) ‖a‖L1(ν) ≤ ‖a‖L2w(ν)
(ˆ
B
w−1
)1/2
≤ ‖a‖L2w(ν)
ν(B)
νw(B)1/2
<∞.
Here we have also used A2(ν) condition for w. The same estimate holds for b.
Proof of H1at[ν, ϕ, w] ⊆ H1L,w(X).
By a standard density argument it is enough to show ‖GLa‖L1w(ν) ≤ C with C inde-
pendent of a and GLf(x) =
(´∞
0
|t2LTtf(y)|2 dtt
)1/2
.
Let a be a [ν, ϕ, w]-atom, so that supp a ⊆ B = B(y0, r). Then, since w ∈ A2(ν) and
GL is bounded on L2w(ν),
‖GLa‖L1w(2B,ν) ≤ νw(2B)
1/2 ‖GLa‖L2w(ν) ≤ νw(2B)
1/2 ‖a‖L2w(ν) ≤ C.
Let x 6∈ 2B and y ∈ B. Then, d(x, y) ≃ d(x, y0) > r. Let Kt2 = t2LTt2 be as in
Proposition 2.6.
GLa(x)
2 =
ˆ ∞
0
∣∣∣∣ˆ
X
Kt2(x, y)a(y) dν(y)
∣∣∣∣2 dtt
=
ˆ r
0
+
ˆ ∞
r
= E1 + E2.
Observe that
ν(B(x, t))−1 =
ν(B(x, d(x, y0)))
ν(B(x, t))
ν(B(x, d(x, y0)))
−1
≤ C
(
1 +
d(x, y0)
t
)n
ν(B(x, d(x, y0)))
−1,
(3.6)
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where n > 0 is the doubling dimension, see (1.4). In E1 we have t ≤ r < d(x, y0). Using
(2.8) and (3.6),
E1 ≤ C
ˆ r
0
(ˆ
B
ν(B(x, t))−1 exp
(
−d(x, y)
2
ct2
)
|a(y)|dν(y)
)2
dt
t
≤ Cν(B(x, d(x, y0)))−2 ‖a‖2L1(ν)
ˆ r
0
(
d(x, y0)
t
)2n
exp
(
−d(x, y0)
2
ct2
)
dt
t
≤ Cν(B(x, d(x, y0)))−2 ‖a‖2L1(ν)
ˆ r
0
(
d(x, y0)
t
)−δ
dt
t
≤ C r
δ
d(x, y0)δ
ν(B(y0, d(x, y0)))
−2 ‖a‖2L1(ν) .
For E2 we use (2.7) and (3.6),
E2 ≤ C
ˆ ∞
r
∣∣∣∣ˆ
B
(Kt2(x, y)
ϕ(y)
− Kt2(x, y0)
ϕ(y0)
)
a(y)ϕ(y)dν(y)
∣∣∣∣2 dtt
≤ C
ˆ ∞
r
(
d(y, y0)
t
)2δ
ν(B(x, t))−2
∣∣∣∣ˆ
B
exp
(
−d(x, y)
2
ct2
)
|a(y)|dν(y)
∣∣∣∣2 dtt
≤ Cr2δν(B(x, d(x, y0)))−2 ‖a‖2L1(ν)
ˆ ∞
r
(
1 +
d(x, y0)
t
)2n
exp
(
−d(x, y0)
ct
)
dt
t1+2δ
≤ C r
2δ
d(x, y0)2δ
ν(B(x, d(x, y0)))
−2 ‖a‖2L1(ν) .
By the Cauchy-Schwartz inequality and A2(ν) condition for w we have
‖a‖L1(ν) ≤ ‖a‖L2w(ν)
(ˆ
B
w−1(x)dν(x)
)1/2
≤ C ν(B)
νw(B)
.
Summarizing the estimates above we arrive at
GLa(x) ≤ C r
δ
d(x, y0)δ
ν(B(x, d(x, y0))
−1 ν(B)
νw(B)
.
Denote Sj(B) = 2
j+1B \ 2jB. If x ∈ Sj(B) then ν(B(x, d(x, y0))) ≃ ν(2jB) and
‖GLa‖L1w((2B)c ,ν) =
∑
j≥1
ˆ
Sj(B)
GLa(x)w(x)dν(x)
≤ rδ ν(B)
νw(B)
∑
j≥1
ˆ
Sj(B)
(2jr)−δ
ν(2jB)
w(x)dν(x)
≤ ν(B)
νw(B)
∑
j≥1
2−jδ
νw(2
jB)
ν(2jB)
≤ C
∑
j≥1
2−jδ
νw(2
jB)
νw(B)
ν(B)
ν(2jB)
≤ C
∑
j≥1
2−jδ
(
ν(2jB)
ν(B)
)p−1
≤ C
∑
j
2−j(δ−n(p−1)) ≤ C.
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Here we have used the doubling condition and Lemma 3.1(ii) for w ∈ Ap1(ν), where
p1 < p0 := 1+ δ/n. Recall that p1 < p0 can be chosen by the self-improvement property
of Ap0(ν), see Lemma 3.1(i). This completes the proof of Theorem 3.5. 
Remark 3.6. Under the assumptions of Theorem 3.5 the following inclusion holds
H1at[ν, ϕ, w] ⊆ H1L,max,w(X).
Proof. Denote MLf(x) = supt>0 |Ttf(x)|. Similarly as before, it is enough to show
‖Ma‖L1w(ν) ≤ C with C independent of a.
Let a be a [ν, ϕ, w]-atom, so that supp a ⊆ B = B(y0, r). Then, since w ∈ A2(ν) and
M is bounded on L2w(ν),
‖MLa‖L1w(2B,ν) ≤ νw(2B)
1/2 ‖MLa‖L2w(ν) ≤ νw(2B)
1/2 ‖a‖L2w(ν) ≤ C.
Now, let x 6∈ 2B. By (3.5) and (2.6),
MLa(x) = sup
t>0
∣∣∣∣ˆ
X
(Tt(x, y)
ϕ(y)
− Tt(x, y0)
ϕ(y0)
)
a(y)ϕ(y)dν(y)
∣∣∣∣
≤ sup
t>0
ˆ
X
( |y − y0|√
t
)δ
ν(B(x,
√
t))−1 exp
(
−d(x, y)
2
ct
)
a(y)dν(y)
≤ rδ ‖a‖L1(ν) ν(B(x, |x− y0|))−1 sup
t>0
(
t−δ/2
ν(B(x, |x− y0|))
ν(B(x,
√
t))
e−
d(x,y0)
2
ct
)
≤ rδ ν(B)
νw(B)
ν(B(y0, |x− y0|))−1d(x, y0)−δ.
The rest of the proof goes exactly as for the Littlewood-Paley operator GL. The details
are left to the reader. 
4. Proof of Theorem A
To prove Theorem A, we recall that Tt = exp(−tL) and h is the L-harmonic function
for which (ULGh) holds. As usual, denote
dν(x) = h2(x)dµ(x),
and
Tt(x, y) = Tt(x, y)
h(x)h(y)
.
Notice that (H1) means that h(x) is harmonic for Tt. As a consequenceˆ
X
Tt(x, y) dν(y) = 1, x ∈ X,
so ϕ(x) ≡ 1 is the harmonic function for L (see Section 2.2).
Proof of H1L(X) ⊆ H1at[µ, h]. Let p0 = 1 + δn−1, where n is the dimension on the
space of homogeneous type (X, d, ν) and δ is the Hölder exponent for Tt(x, y), see (2.6).
Assume that f ∈ H1L(X) or, equivalently, f˜ := h−1f ∈ H1L,h−1(X), see Section 2.2.
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From Theorem 3.5, we have that f˜ =
∑
λka˜k, where
∑
k |λk| ≃
∥∥∥f˜∥∥∥
H1
L,h−1
(X)
and there
exit balls Bk such that:
supp a˜k ⊆ Bk, ‖a˜k‖L2
h−1
(ν) ≤ νh−1(Bk)−1/2,
ˆ
a˜k(x)dν(x) = 0.
Then
f(x) = hf˜(x) =
∑
k
λkak(x),
where ak = ha˜k. Obviously, supp ak ⊆ Bk and
´
ak(x)h(x)dµ(x) =
´
B
a˜k(x)dν(x) = 0.
Moreover,
‖ak‖L2
h−1
(µ) = ‖a˜k‖L2
h−1
(ν) ≤ νh−1(Bk)−1/2 = µh(Bk)−1/2
as desired.
Proof of H1at[µ, h] ⊆ H1L(X). Note that if a is atom as in Theorem A, then for
a˜ = h−1a we have ˆ
B
a˜(x) dν(x) = 0, ‖a˜k‖L2
h−1
(µ˜) ≤ νh−1(Bk)−1/2.
By Proposition 2.2 and Theorem 3.5,
‖a‖H1
L
(X) =
∥∥h−1a∥∥
H1
L,h−1
(X)
≤ C.
The proof of Theorem A is complete.
As a consequence of Theorem A, we have the following result.
Corollary 4.1. Assume that L and h satisfy all the assumptions of Theorem A. If f
belongs to H1L(X) and, additionally, h is in L
∞(X), then
(4.1)
ˆ
f(x)h(x) dµ(x) = 0.
Proof. Let Tt,be the semigroup related to L. By Theorem A we have f(x) =
∑
k λkak(x),
where
∑
k |λk| <∞ and ak(x) are [µ, h]-atoms. Define
fN (x) =
N∑
k=1
λkak(x).
Obviously, fN → f in L1(µ) and
´
X
fN (x)h(x) dµ(x) = 0 since fN ∈ L1(µ) and h ∈ L∞.
It follows that ˆ
X
f(x)h(x) dµ(x) = 0.

Remark 4.2. The assumption that h(x) is bounded is necessary in Corollary 4.1. If
h(x) is unbounded then (4.1) does not need to hold (or even the integral is not well
defined). See Section 6 for examples.
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5. Proof of Theorem B
We start our discussion with the following lemma.
Lemma 5.1. If f ∈ H1at[µ, h] and g ∈ BMO[µ, h], then the integral
´
X
f(x)g(x)dµ(x)
can be defined and satisfies∣∣∣∣ˆ
X
f(x)g(x)dµ(x)
∣∣∣∣ ≤ C ‖f‖H1at[µ,h] ‖g‖BMO[µ,h] .
Proof. Let a be an [µ, h]-atom. Obviously, the integral
´
a(x)g(x)dµ(x) does not depend
on c when g(x) = g1(x) + ch(x). Moreover,∣∣∣∣ˆ
X
a(x)g(x)dµ(x)
∣∣∣∣ ≤ ˆ
X
|a(x)| |g(x)− ch(x)| dµ(x)
=
ˆ
X
|a(x)|h(x)−1/2 |g(x)− ch(x)| h(x)1/2dµ(x)
≤ ‖a‖L2
h−1
(µ)
(ˆ
B
|g(x)− ch(x)|2 h(x)dµ(x)
)1/2
≤ C ‖g‖BMO[µ,h] .
Therefore,
´
X
∑k
j=1 λjaj(x)g(x)dµ(x) is a Cauchy sequence and we define the integral´
X
f(x)g(x)dµ(x) as its limit for arbitrary f ∈ H1at[µ, h]. 
Proof of Theorem B. By Lemma 5.1, it follows that if g ∈ BMO[µ, h], then
lg(f) =
ˆ
X
f(x)g(x) dµ(x)
is a linear bounded functional on H1at[µ, h] with norm at most C ‖g‖BMO[µ,h].
On the other side let l be a linear functional on H1at[µ, h]. Without loos of generality
we assume that ‖l‖H1at[µ,h]→C ≤ 1. For fixed B let us define the Hilbert space
HB =
{
f ∈ L2h−1(µ|B) :
ˆ
B
f(x)h(x)dµ(x) = 0
}
Obviously, if f ∈ HB, then f ∈ H1at[µ, h] with
‖f‖H1at[µ,h] ≤ µh(B)
1/2 ‖f‖L2
h−1
(µ)
Therefore, by the Riesz representation theorem there is ˜˜gB (defined up to ch2(x)χB(x))
such that
lB(f) =
ˆ
B
f(x)˜˜g(x)Bh−1(x) dµ(x)
and ∥∥∥˜˜gB∥∥∥
L2
h−1
(µ)
= ‖lB‖HB→C ≤ µh(B)1/2.
Let cB be a constant chosen so that for the function g˜B = ˜˜gB+cBh2 we have ´B0 g˜Bdµ = 0
on some fixed ball B0. Take increasing family B0 ⊆ B1 ⊆ ... of balls. Since g˜Bn agrees
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with g˜Bn+1 on Bn we have that g˜Bn − g˜Bn+1 = cnh2 on Bn ⊇ B0. But the left hand side
has the integral equal to zero on B0, so cn = 0. Define gB(x) = h
−1(x)g˜B(x) and
g(x) = h−1(x) lim
n→∞
g˜n(x).
Notice that the limit exists, and g coincides with gB on a ball B. Finally,(
1
µh(B)
ˆ
B
|g(x)− cBh(x)|2 h(x)dµ(x)
) 1
2
=
(
1
µh(B)
ˆ
B
∣∣∣˜˜gB(x)h−1(x)∣∣∣2 h(x)dµ(x)) 12
=
(
1
µh(B)
∥∥∥˜˜gB∥∥∥2
L2
h−1
(µ)
) 1
2
≤ C.
This proves that g ∈ BMO[µ, h] and ‖g‖BMO[µ,h] ≤ C. Also, l(f) =
´
X
f(x)g(x)dµ(x)
whenever f is a finite combination of atoms. This ends the second part of the proof. 
6. Applications
As an illustration of our results we shall discuss several examples. Our main results,
Theorems A and B can be applied to a wide range of operators such as: operators
with Dirichlet boundary conditions on some domains in Rn, Schrödinger operators, and
Bessel operators.
For further references let us notice here that the assumption h−1 ∈ Ap(µh2) from
Theorem A is equivalent to
(6.1) sup
B
h(B)
h2(B)
(
h2+
1
p−1 (B)
h2(B)
)p−1
≤ C,
where B is a ball, p > 1, and hq(B) = µhq(B) for q > 0.
6.1. Dirichlet Laplacian on Ω ⊂ Rn. One of the main motivations for the present
paper is the description of the Hardy spaces corresponding to the Dirichlet Laplacian.
We believe that the applications of our approach which we describe in Theorems 6.1 and
6.3 below provide an illuminating way of understanding the results concerning Dirichlet
Laplace operator obtained by Auscher, Russ, Chang, Krantz and Stein in [3,6]. Assume
that a domain Ω (an open and connected subset) in Rn is given. By ∆Ω we will denote
the Laplace operator with the Dirichlet boundary conditions defined on Ω. We shall
consider two particular classes of the set Ω described in Examples 1.1 and 1.2 below.
6.1.1. Example 1.1: The domain above the graph of a bounded C1,1 function. Assume
that Γ : Rn−1 → R is such that:
|∇Γ(x)| ≤ C1,(6.2)
|∇Γ(x)−∇Γ(y)| ≤ C2|x− y|(6.3)
and consider the following domain in Rn, n ≥ 3,
(6.4) Ω = {x ∈ Rn : xn > Γ(x1, ..., xn−1)} ,
i.e. the region above the graph of a bounded C1,1 function Γ. One of the main applica-
tions of our results is the following theorem.
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Theorem 6.1. Assume that Ω is as in (6.4), where Γ is bounded and satisfies (6.2)–
(6.3). Then there exists a function h : Ω→ (0,∞), such that
h(x) ≃ dist(x,Ωc)
and the Hardy space H1∆Ω(Ω) coincides with H
1
at[µ, h], where µ is the Lebesgue measure
on Ω.
Theorem 6.1 is a direct consequence of Theorem A, Proposition 2.3, and Lemma 6.2
below. Let us first recall that the estimates on the heat kernel Tt(x, y) for the Dirichlet
Laplacian ∆Ω,D on Ω were given in [38]. It was shown there that
Tt(x, y) ≥ C
(
ρ(x)ρ(y)
t
∧ 1
)
t−n/2 exp
(
−|x− y|
2
c1t
)
,(6.5)
and
Tt(x, y) ≤ C
(
ρ(x)ρ(y)
t
∧ 1
)
t−n/2 exp
(
−|x− y|
2
c2t
)
,(6.6)
uniformly for x, y ∈ Ω and t > 0. Here a ∧ b = min{a, b} and ρ(x) = dist(x,Ωc) is the
distance between x and ∂Ω.
Lemma 6.2. Let Ω be a domain given by a bounded C1,1 function Γ, see (6.2)–(6.3).
Then, the function h˜(x) = ρ(x) defined on Ω satisfies (H2)–(H3). Moreover, for p > 1
we have h˜−1 ∈ Ap(ν), where dν(x) = h˜2(x)dx on Ω.
Proof. From (6.5) and (6.6), we see that
(6.7)
C−1
t+ ρ(x)ρ(y)
t−n/2 exp
(
−|x− y|
2
c1t
)
≤ Tt(x, y)
ρ(x)ρ(y)
≤ C
t+ ρ(x)ρ(y)
t−n/2 exp
(
−|x− y|
2
c2t
)
.
First, we claim that
(6.8) ν(B(x, r)) ≃ rn(r + ρ(x))2.
To prove the claim observe that for y ∈ B(x, r) we have ρ(y) ≤ ρ(x) + r, which
immediately gives the upper bound. To see the lower bound recall that C1 is the
constant from (6.2) and consider the set
S = B(x, r) ∩ {y ∈ Rn : yn ≥ xn + r/2 + C1|(x1, ...xn−1)− (y1, ..., yn−1)|} .
Observe that |S| ≃ rn and S ⊆ Ω. Moreover, if y ∈ S then ρ(y) ≃ (r + ρ(x)) and,
consequently we get the lower estimate from (6.8).
The doubling condition (H2) for (Ω, ρ2(x)dx) follows from (6.8). Moreover, (H3) is a
consequence of (6.7), (6.8) and the estimate
C−1
max(ν(B(x,
√
t)), ν(B(y,
√
t)))
≤ t
−n/2
t+ ρ(x)ρ(y)
≤ C
min(ν(B(x,
√
t)), ν(B(y,
√
t)))
.
Similarly to (6.8) we can prove that for q > 0 we have
(6.9) hq(B(x, r)) ≃ rn(r + h(x))q,
where hq(B) is the measure with the density hq(x) dx on Ω. Then h−1 ∈ Ap(ν) for all
p > 1 follows from (6.9) and (6.1). 
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6.1.2. Example 1.2: Exterior domain outside bounded convex C1,1 set. Assume that
Ω ⊂ Rn is the exterior of a C1,1 compact convex domain, which means that Ωc is
convex, bounded, and its boundary is locally C1,1 function, see (6.2)–(6.3).
Theorem 6.3. Assume that Ω is the exterior of a C1,1 compact convex domain with
boundary that is locally C1,1, see (6.2)–(6.3). Then there exists a function h : Ω →
(0,∞), such that
h(x) ≃ min(1, dist(x,Ωc))
and the Hardy space H1∆Ω(Ω) coincides with H
1
at[µ, h], where µ is the Lebesgue measure
on Ω.
Theorem 6.1 is a direct consequence of Theorem A, Proposition 2.3, and Lemma 6.5
below. In [45] the following estimates were proven on the heat kernel Tt(x, y) for the
Dirichlet Laplacian
Tt(x, y) ≥ C1
(
ρ(x)√
t ∧ 1 ∧ 1
)(
ρ(y)√
t ∧ 1 ∧ 1
)
t−n/2 exp
(
−|x− y|
2
c1t
)
,(6.10)
and
Tt(x, y) ≤ C2
(
ρ(x)√
t ∧ 1 ∧ 1
)(
ρ(y)√
t ∧ 1 ∧ 1
)
t−n/2 exp
(
−|x− y|
2
c2t
)
,(6.11)
uniformly for x, y ∈ Ω and t > 0, where ρ(x) = dist(x,Ωc). For x ∈ Ω define
(6.12) h˜(x) = min(1, ρ(x)).
Lemma 6.4. On Ω denote the measure dν(x) = h˜2(x)dx. Then
ν(B(x, r)) ≃
{
rn if r ≥ 1 or ρ(x) ≥ 1
rn(r + ρ(x))2 if r ≤ 1 and ρ(x) ≤ 1 .
Similarly, if σq, q > 0, is the measure on Ω with the density h˜
q(x)dx, then
σq(B(x, r)) ≃
{
rn if r ≥ 1 or ρ(x) ≥ 1
rn(r + ρ(x))q if r ≤ 1 and ρ(x) ≤ 1 .
Sketch of the proof. First, observe that since Ωc is convex, then
|B(x, r)| = | {y ∈ Ω : d(x, y) < r} | ≃ rn.
Moreover, if ρ(x) ≥ 1 or r ≥ 1, then on substantial part (i.e. on the set with measure
≃ rn) of the set Ω∩B(x, r) the measure ν is just the Lebesgue measure. In the opposite
case, i.e. r ≤ 1, ρ(x) ≤ 1 we are close to boundary and h˜(y) ≃ ρ(y). Then, the lemma
follows by considering two cases: ρ(x) ≥ 2r and ρ(x) ≤ 2r. The details are left to the
reader. 
Lemma 6.5. The function h˜ from (6.12) satisfies (H2)–(H3). Moreover, if dν(x) =
h˜2(x)dx on Ω then for any p > 1 we have h˜−1 ∈ Ap(ν).
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Proof. Observe first, that from (6.1) and Lemma 6.4 we have that h˜(x) satisfy (H2) and
the Ap condition. Now, we shall show (ULGh) for h˜(x). The estimates (H3) will follow
from (6.10)–(6.11) provided that we prove(
ρ(x)√
t∧1 ∧ 1
)(
ρ(y)√
t∧1 ∧ 1
)
(ρ(x) ∧ 1)(ρ(y) ∧ 1) t
−n/2 ≤ C
min(ν(B(x,
√
t)), ν(B(y,
√
t)))
,(
ρ(x)√
t∧1 ∧ 1
)(
ρ(y)√
t∧1 ∧ 1
)
(ρ(x) ∧ 1)(ρ(y) ∧ 1) t
−n/2 ≥ C
max(ν(B(x,
√
t)), ν(B(y,
√
t)))
.
Let us notice that we are proving gaussian-type estimates on a doubling space, so we
are equally fine with either ν(B(x,
√
t)) or ν(B(y,
√
t)). Recall that the estimates on
ν(B(x, r)) are given in Lemma 6.4. Obviously, when t ≥ 1 there is nothing to prove, so
let us assume that t ≤ 1 and denote
W =
(
ρ(x)√
t
∧ 1
)(
ρ(y)√
t
∧ 1
)
(ρ(x) ∧ 1)(ρ(y) ∧ 1) t
−n/2.
By symmetry we shall always consider x, y such that ρ(x) ≤ ρ(y). We claim that
(6.13) C−1ν(B(y,
√
t))−1 ≤W ≤ Cν(B(x,√t))−1.
The claim follows by a careful analysis of the cases:
• √t ≤ 1 ≤ ρ(x), ρ(y),
• √t ≤ ρ(x) ≤ 1 ≤ ρ(y),
• √t ≤ ρ(x) ≤ ρ(y) ≤ 1,
• ρ(x) ≤ √t ≤ 1 ≤ ρ(y),
• ρ(x) ≤ √t ≤ ρ(y) ≤ 1,
• ρ(x) ≤ ρ(y) ≤ √t ≤ 1.
The interested reader will easily check that (6.13) follows from Lemma 6.4 in all the
cases above. This ends the proof of Lemma 6.5. 
Remark 6.6. When Ω is the upper-half space Rn+ = {x = (x′, xn) ∈ Rn : xn > 0}, it
follows by the reflection method (see for example [41, (6) p. 57]) that the heat kernel
Tt(x, y) related to Dirichlet Laplacian ∆Rn+,D on R
n
+ satisfies
Tt(x, y) =
1
(4pit)
n
2
e−
|x′−y′|2
4t
(
e−
|xn−yn|
2
4t − e− |xn+yn|
2
4t
)
,
for n ≥ 2. In this case, the function h(x) from Theorem 6.1 equals xn (see [24, p. 6]).
Remark 6.7. When Ω is the space Rn\B(0, 1) = {x ∈ Rn :∑ni=1 x2i > 1}, it is known
(see [24, p. 6]) that h(x) = log|x| if n = 2 and h(x) = 1− |x|−n+2 if n > 2.
Remark 6.8. Note that the statements of Theorems 6.1 and 6.3 essentially coincide
saying that H1∆Ω(Ω) = H
1
at[µ, h], where h is the positive harmonic function equal to zero
on the boundary of Ω. Note however, that in Theorem 6.1 the function h is unbounded
whereas h ∈ L∞(ω) in Theorem 6.3. Hence in these two settings the nature of H1at[µ, h]
is different in a way discribed in Corollary 4.1 and Remark. 4.2.
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6.2. Schrödinger operators. Consider X = Rn with the Lebesgue measure and the
Schrödinger operators
LV = −∆+ V,
where V ≥ 0 and V ∈ L1loc(Rn). Since we assume V ≥ 0 then by the Feynmann-Kac
formula we always have (UG). However, the semigroup kernel can be much smaller
than classical heat kernel due to the influence of the potential. The Hardy spaces for
H1LV (R
n) were intensively studied, see e.g. [11, 15–17, 25]. It appears that geometric
conditions on atoms depend heavily on the dimension n and size of the potential V . Let
us recall two examples.
6.2.1. Example 2.1: Potentials from a Kato class. Let n ≥ 3. Then it is known that
Tt = exp(−tLV ) satisfies (ULG) if and only if V is such that
∆−1V ∈ L∞(Rn),
see [17] for details. Then a harmonic function ϕ(x) for LV is given by the formula
ϕV (x) = lim
t→∞
ˆ
Rn
Tt(x, y) dy
and satisfies (1.6). In this case for f ∈ H1LV (Rn) we always have
´
f(x)ϕV (x)dx = 0.
For details see [12, 17, 18].
6.2.2. Example 2.2: Inverse square potential. Consider the inverse square potential
V (x) = γ|x|−2 on Rn with γ > 0 and n ≥ 3.
The Hardy space related to this operator was studied in [11,15]. The space H1LV (R
n)
has local character in the sense that atoms are either classical atoms or local atoms of the
type |Q|−1χQ(x) for some family of cubes Q, see [15]. Obviously, for f ∈ H1LV (Rn) there
cannot be a general cancellation condition like in (4.1) with any nontrivial function h(x).
However, as we shall see, there is also another approach to atomic decompositions for
H1LV (R
n). Consider a function
hV (x) = |x|τ ,
where
τ =
√
(n− 2)2 + 4γ − (n− 2)
2
> 0.
It appears that h(x) is strictly related to the analysis of Tt = exp(−tLV ), see [29].
Lemma 6.9. The function hV satisfies (H2)–(H3).
Proof. The measure dν(x) = hV (x)
2 dx satisfy
ν(B(x, r)) ≃ rn(|x|+ r)τ .
From this the doubling condition follows easily. The Gaussian estimates (ULGh) are
proven in [29, Th. 1.2]. 
Lemma 6.10. For p > 1 we have h−1V ∈ Ap(ν), where dν(x) = hV (x)2dx on Rn.
Proof. For a measure dσβ(x) = |x|βdx, β > 0, we have
νβ(B(x, r)) = r
n(|x|+ r)β.
Using this, the condition (6.1) can be easily checked. 
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Corollary 6.11. Let n ≥ 3, V (x) = γ|x|−2, hV (x) = |x|τ , where τ = (
√
(n− 2)2 + 4γ−
(n− 2))/2 > 0. Then the spaces H1LV (Rn) and H1at[µ, hV ] coincide and have equivalent
norms. Here µ is the Lebesgue measure on Rn.
6.3. Bessel operators.
For α > −1 and α 6= 1 on X = (0,∞) we consider the Euclidean distance and the
measure dµ(x) = xα dx. The Bessel differential operator is given by
LBf(x) = −f ′′(x)− α
x
f ′(x), x > 0.
Observe that a function h satisfies LBh(x) = 0 if
hB(x) = C1 + C2x
1−α.
6.3.1. Example 3.1: Dirichlet Laplacian on (0,∞). Let us start with very basic example:
α = 0, X = (0,∞), and L(0,∞),Df = −f ′′ with Dirichlet boundary condition at x = 0.
The semigroup generated by this operator has the integral kernel
Tt(x, y) = (4pit)
−1/2
(
exp
(
−(x− y)
2
4t
)
− exp
(
−(x+ y)
2
4t
))
,
where x, y, t > 0. Obviously, the space H1L(0,∞)D)(X) is well studied, see e.g. [6]. A simple
criteria for the semigroup kernel that give atomic decomposition in this case can be also
found in [30]. In particular, H1L(0,∞)D)(X) can be described by atomic decompositions,
where atoms are either classical atoms on (0,∞) or local atoms of the type a(x) =
|Im|−1χIm(x), Im = (2m, 2m+1), m ∈ Z.
On the other hand, our results provide a new atomic description of H1L(0,∞)D)(X). The
(unbounded) harmonic function for L(0,∞),D is simply
h(x) = x.
Let ν be the measure on (0,∞) with the density x2dx. One can easily check that
Tt(x, y) = Tt(x, t)
h(x)h(y)
≃ ν(B(√xy,√t))−1 exp
(
−(x− y)
2
4t
)
≃ ν(B(x,√t))−1 exp
(
−(x− y)
2
ct
)
,
so (H3) holds. It is also easy to verify that (H1)–(H2) hold and x−1 ∈ Ap(ν) for every
p > 1. As a result of Theorem A we have the following.
Corollary 6.12. If a function f belongs to H1L(0,∞)D)(X), then there exist λk and ak(x)
such that f(x) =
∑
k λkak(x),
∑
k |λk| ≃ ‖f‖H1
L(0,∞)D)
(X) and ak are atoms that satisfy:
◦ supp ak ⊆ Bk,
◦
(ˆ
Bk
|ak(x)|2dx
x
)1/2
≤
(ˆ
Bk
x dx
)−1/2
◦
ˆ
Bk
ak(x) x dx = 0.
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In other words, an atomic Hardy space with two types of atoms: global (with cancel-
lations) and local (without cancellations) can be described in a different, more uniform
way, where all the atoms have cancellation condition, but w.r.t. a different, unbounded
harmonic function. In Appendix we provide a sketch of a direct proof of the equality of
these two atomic spaces.
6.3.2. Example 3.2: Bessel operator on (0,∞) with Neumann boundary condition at
x = 0. Probably the most natural case is to consider LB,(0,∞),N , i.e. the operator LB
with Neumann boundary condition at x = 0. If n := α + 1 ∈ N then the analysis
of LB,(0,∞),N is equivalent to the analysis of the radial part of the Laplacian −∆ on
Rn. However, LB,(0,∞),N can be considered also for non-integer α’s. For the results on
the Hardy spaces related to LB,(0,∞),N the reader is referred to [4, 13, 33]. Let us only
mention briefly, that
hB,(0,∞),N(x) = 1
is the harmonic function and all atoms have cancellation of the form:
´
a(x) dµ(x) = 0.
In other words, the Hardy space H1(LB,(0,∞),N )(X) is the geometric Hardy space in the
sense of [9].
6.3.3. Example 3.3: Bessel operator on (0,∞) with Dirichlet boundary condition at
x = 0. Now, consider LB,(0,∞),D, i.e. the space with the Dirichlet boundary condition
at x = 0. This example coincides with the previous one if α > 1. However, for
α ∈ (−1, 1) the function
hB,(0,∞),D(x) = x
1−α
is unbounded and harmonic for LB,(0,∞),D. The crucial estimates (H3) follow from the
results of [24]. The rest of assumptions of Theorem A is a direct calculation.
6.3.4. Example 3.4: Bessel operator on (1,∞) with Dirichlet boundary condition at
x = 1. Let α > −1, α 6= 1, and LB,(1,∞),D be the Bessel operator with Dirichlet
boundary condition at x = 1. In the case n := α+1 ∈ N one can think about Brownian
motion on Rn \B(0, 1) killed when entering unit ball. Here
h(x) = |1− x1−α|
is the harmonic function. Observe that for α ∈ (−1, 1) the function h(x) is unbounded,
whereas for α > 1 we have bounded h(x), but limx→1+ h(x) = 0. Similarly as in the
previous example, the estimates (H3) follow from the results of [24] and the rest of the
assumptions of Theorem A can be verified directly.
7. Appendix
In some examples our results give a new atomic description of H1L(X) even for the
operators, for which another simple atomic description was known before. Let us ex-
plain this phenomena a bit in a simple example of Dirichlet Laplacian on (0,∞), see
Subsection 6.3.1.
Let X = (0,∞) be a space equipped with the Lebesgue measure and denote Ik =
(2m, 2m+1), m ∈ Z. Consider the Dirichlet Laplacian L = −∆X,D on X. It is known
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that if f ∈ H1LX,D(X), then f(x) =
∑
k λkak(x), where
∑
k |λk| ≃ ‖f‖H1
LX,D
(X) and ak(x)
are either:
• α1-atoms: classical atoms on (0,∞), i.e. for a(x) there exists a ball B such that:
supp a ⊆ B, ‖a‖L2(X) ≤ |B|−1/2,
ˆ
a(x) dx = 0
or
• α2-atoms: local atoms of the form a(x) = |Im|−1χIm(x), m ∈ Z.
On the other hand h(x) = x is L-harmonic and h(0) = 0. One can easily prove that the
kernel of the semigroup exp(−tLX,D) satisfies (ULGh) and the measure x2 dx is doubling
on (0,∞). Moreover, using (6.1) on easily verifies that h−1 ∈ Ap(x2dx) for any p > 1.
As a consequence, from Theorem A we deduce that each f ∈ H1(LX,D) can be written
as f(x) =
∑
k λkbk(x), where
∑
k |λk| ≃ ‖f‖H1
LX,D
(X) and bk are
• β-atoms: for a(x) there exists a ball B such that:
supp b ⊆ B ⊆ Ik, ‖b‖L2(dx
x
) ≤
(ˆ
B
x dx
)−1/2
,
ˆ
b(x) x dx = 0.
At a first glance it may be surprising, that H1LX,D(X) has these two different atomic
decompositions. However, recall that since h(x) = x is unbounded, we cannot say that´
f(x)x dx = 0 even if f(x) =
∑
k λkbk(x) and
´
bk(x)x dx = 0 for each k (see Corollary
4.1 and Remark 4.2). The purpose of the following lemma is to show that α1-atoms
and α2-atoms can be decomposed into β-atoms and vice versa. However, we shall not
consider arbitrary atoms, but, for simplicity of the presentation, we shall assume that
the support of every atom considered is already contained in some dyadic interval Im.
Lemma 7.1. There exists C > 0 such that:
(1) if a(x) is α2-atom supported in Im, m ∈ Z, then there exist: β-atoms (bk)k≥0
and numbers (λk)k≥0 such that a(x) =
∑∞
k=0 λkbk(x) and
∑∞
k=0 |λk| ≤ C,
(2) if a(x) is α1-atom supported in B ⊆ Im, m ∈ Z, then there exist: β-atoms
(bk)
N
k=0, α2-atom aN+1, and numbers (λk)
N+1
k=0 such that a(x) =
∑N
k=0 λkbk(x) +
λN+1aN+1(x) and
∑N+1
k=0 |λk| ≤ C,
(3) if b(x) is β-atom supported in B ⊆ Im, m ∈ Z, then there exist: α1-atoms
(ak)
N
k=0, α2-atom aN+1, and numbers (λk)
N+1
k=0 such that b(x) =
∑N+1
k=0 λkak(x)
and
∑N+1
k=0 |λk| ≤ C.
Proof. To prove 1. consider a(x) = |Im|−1χIm(x) for some m ∈ Z. Write
a(x) =
∞∑
k=0
2−kbk(x)
where
2−kbk(x) = τkχIm+k(x)− τk+1χIm+k+1(x), k = 0, 1, ... .
Fix τ0 = |Im|−1 = 2−m. Recursively, we define
τk+1 = τk
´
Ik
x dx´
Ik+1
x dx
= τk
(2k+1)2 − (2k)2
(2k+2)2 − (2k+1)2 =
τk
4
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so that
´
bk(x)x dx = 0 for k = 0, 1, ... and τk = 2
−m4−k. Observe that supp bj ⊆
Im+k ∪ Im+k+1 and
‖bk‖L2( dxx ) ≃ C2
k|τk|
(ˆ
Im+k∪Im+k+1
dx
x
)1/2
≤ C2k2−m4−k ≃ C2−m−k
≃
(ˆ
Im+k∪Im+k+1
x dx
)−1/2
.
Therefore, C−1bk are β-atoms and 1. is proved.
To prove 2. assume that a(x) is α1-atom supported in B ⊆ Im with some m. Fix a
sequence of intervals B = Q0 ⊆ Q1 ⊆ .. ⊆ QN ⊆ QN+1 = Im, where |Qk+1|/|Qk| ≤ 2
and 2N ≃ |Im|/|B|. Write
a(x) =
N∑
k=0
λkbk(x) + λN+1aN+1(x)
where
λk = 2
k−m|B|, k = 0, ..., N + 1,
λ0b0(x) = a(x)− τ0χQ0(x),
λkbk(x) = τk−1χQk−1 − τkχQk(x), k = 1, ..., N
λN+1aN+1 = τNχQN .
Observe first that
∑N+1
k=0 |λk| ≃ 2N−m|B| ≃ C. Let y0 be the center of B ⊆ Im and recall
that
´
a(x) dx = 0. Choose τk so that
´
bk(x)x dx = 0 for k = 0, ..., N . In particular
τ0 =
(ˆ
B
xdx
)−1 ˆ
a(x)xdx
|τ0| =
(ˆ
B
xdx
)−1 ∣∣∣∣ˆ a(x)(x− y0)dx∣∣∣∣ ≤ (2m|B|)−1|B| ˆ |a(x)|dx ≤ 2−m
and, for k = 1, ..., N ,
τk = τk−1
´
Qk−1
xdx´
Qk
xdx
,
|τk| ≤ |τk−1|.
What is left is to check that aN+1/C is α2-atom and ak/C are β-atoms for k = 0, ..., N .
It is clear that aN+1 = λ
−1
N+1τNχIm(x) and |λ−1N+1τN | ≤ C2N−m|B||τ0| ≤ C|Im|−1. More-
over, for k = 0, ..., N we have: supp bk ⊆ Qk ∪Qk−1 (Q−1 = ∅),
´
bk(x) x dx = 0 (by the
choice of τk), and
‖bk‖L2(dx/x) ≤ C|τk|λ−1k
(ˆ
Qk∪Qk−1
2−m dx
)1/2
≤ 2−m2m−k|B|−1(2k−m|B|)1/2
≃ (2k+m|B|)−1/2 ≃ (ˆ
Qk∪Qk−1
x dx
)−1/2
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This shows that bk/C are β-atoms for k = 0, ..., N and the proof of 2. is complete. The
proof of 3. is essentially same as the one of 2.. We leave the details to the interested
reader. 
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